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1- INTRODUCTION

Most process and experiments contain internal sources of
variation, identifiable sources of variation that can be described by
means of error variables (eq; error in the operation of 2 measuring
instrument, the variation in the raw material to a process, variation
due {o randomization ingredient of an experimental desing). -

These are the sources of variation in a system. Varigfion ina
response variable derive from them.
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Classical model of statistics com be written

Consist of a class o probability distributions indexed by a
parameter @ and a response variable (random variable) X arising
from a member of the class.

Structural model is writlen

| X=@'E
fE)

Consists of a single probability distributions and a class of
random variables index by @ and arising as an transformation on
the srror variable E. It is imposed in that the transformation
{parameter) space is taken 1o be a group acting in the sample
space.



The etror quantity E is assumed to be a physical error and it
can be described without refering to any particular parameter
value @. Specifically the stronger assumption is made than the
independence of £ on &, in fact E itself is assumed unrelated fo

For exemple, sucessive messurement erros, ¢, from a
weighing scale are i.i.d., r.v. with pdf f(e) regardless of the item
being weighst. Suppose the error is added to the weight &, of the
item, to give the measured weight x=@+e and that n weighings
{not necessarily distinct items) are to take place. If we view the
erros e, ...°, as stricly properties of the instrument that arise
regardless of the order, shape, or weight of the ifems being
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weight, them the srros will be physical.

This assumption is close to the classical model

)



Classical Modsl

- Does not describes any infernal source of variation.
- Descrbes only external aspects of a system.
- Has an oufput or responses variabls, an input or parameter and a

probability  distribution describing the response variable for
arbstrary values of the parameter.”

- O casionally presents equations involving error variables
{Y=a+Bx+e). Unfortunately does nat recognize or use a property
of such equation hoving major consequences; from observations
Y. Y, it is possible to calculate characteristics of the error vaiues
£1... 8.

- Need a variaty of reduction principles and optmality criteria. Only
for special cases these msthods reach unanimity for ths
solutions.

- Standard use of the classical model allows inference to be
pasead on observed X, on the model f(x, @) and on nothing further.



it replaces the system by a black box. A black box is a
model with imput variables, with autput variables, and with
behavioral characteristics. But it is a model without linking
batween variables, without infernal structure,

input

| [

infersnces based on classical model treat the cobserved X
from process or system as an output from the black box with
unknown input.

The black box has a direction of throughput: in by means of
@, out by means of x.

in practice, we have a response value and we are concerned |
with possible values of the input. This needs a black box with the |
oposite direction of throughput: in by means of x, out by means of
@. The behavioral characteristic in one direction do not give
characteristics for the oposite direction. For this, knowledge is |
needed concerning the internal structure of the systemn. This is |
nat available in the classical model.



2- SOME REFINMENTS
Bayesian Method

- Withaws from the process and examines a compound - a
classical model combined with probabilites taken as representing
outside impressions concerning the unknowns,

- Introduces an ad ditiona] box that has output @ with a frequency
distribution p{@). The additional box is chosen to represeni the
investigator impression concerning the @ value in the system.

- The x is an output from the combined boxes

Y > -

P(@) #(x @)



Decision Theory

- Introduces an additional box. That has input x and an output a

producing actions that might be appropriate to the context of the
system.

- The additional box has a programing input d.

- A particular input d provides a frequency distribution for output

- a for each input x.

- The COimp <ss|te !box ufs """stllg ated to find programing input d

riterion relatlng inputs @ and

outputs a. |

. The observed x from the system is used as an input to the
additional box with its chosen programing input, the output a is
the action concluding the investigation.




3- COMPREHENSIVE MODEL

- |s a stronger model, it describes additional characteristics of a
process of experiment, the internal mechanism and structure.

- More substantial results than the classical model are obtained.

- The particular comprehensive model, The Structural Model: it is
possible to calculate characteristics of the error variable, classical

probability statements can be made.

- With he particular compreheansive model that is Partly Structural
ciassical probabilitys statements can be made for some
unknows, a marginal libelihood function can be derived for the
remaining unknows,

- Information contained in the equations describing the structure
of the system provides the base for making probability statements
coneerning the unknown inputs.



- The particular ¢ mﬁrehenswe model can be represented as
white of transparent boxes

B
‘n='

Transparent Boxes
{Structural Modsls)

b Simple Measurement Modsl
§ Pl G+ \amtPp X
HE)
i} Measurement Model

{@V) GrVe ) ce=gp X

f(e,B)

The inferences on B are fo be based on the marginal
likelihood.
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STRUCTURAL INFERENCE FOR THE GENERALIZED
< GAMMA. DISTRIBUTION

1. Introdliction'

The generalized gamma density for x > 0 can be written

. 5 ) | :
| f(x:a,B,k) = }—(ﬁ—kja'ﬁk 5 BEL exp{"(g‘) } ) )

where o>0,8>0,k>0. This model is often suggested as a lifetime distribution since it
inchudes the widely used Exponential (B=k=1), Weibull (k=1), Gamma (B=1) and the Log-
normal {(k—»o0). Other important distributions included are the Chi-Squared (a=2, =1,

k=n/2), Chi (@L =42B=2,k=n/ 2) , Half-Nermal (oc =\2p=2k=1/ 2) , Circular

Niormaal ’\é@c = 2p=2k= 1\), Spherical-Normal (oc =2,p=2k=3/ 2) and
Raylleigh f(@t = 'C2 B=2k=1with C> 0) '

It also has the propesties that Z = AX has density f{zAa,B,k) and Z=X" has density

fz:a™ Bimk) for A >0 and m=0.




2. Structural Model
The Structural Model (Fraser, 1968, ch 2) is described by two equations

X=06*W
flo)do

Consider now model ‘ (1). M-aking the transformation y=InX and the
reparametrization p=log o and ¢ =1/ we obtain the model

y=ln+0o0
(2)

f((b: k)do = exp{ku) -e® }

1
T(k)

A more general distribution is obtained by including the log normal and by letting

q = k™ and allowing the error distribution at -q to be a reflexion about the origin of that
at q, the gene.al model becames (Farewell and Prentice, 1977)

y=0a+00

’

o™ )q e"p{" —% (90 - exp(qw))} / r(‘l ”2) q#0 ®

fo:g)dw =+ p
on V2 expk—%mzj q=0

L

This is a location and scale model with a log-Gamma density for the error @. So

the model is in the form of the Conditional Structural Model with Additional Quantity q.
(Fraser 1968, p. 188). ‘




For q fixed and n observations y’= (yi,...,¥n). The model is

y=ur+ocw ‘
“4)
11 flo;: q)]} do,

where 1’ = (1,...,1) and o’=(w;,..., @n). | \
A suitable transformation variable or conditionally pivotal quantity is

'{?,Sy} where  y= §Yi /m and S = [Z(Y,- "?)2 /(11— 1)]m. The vector

(o) = d’(y) = (d;,...,dn) = [YI e AR i y] is the corresponding orbital reference
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y y
point or ancillary statistics.

If no assumption is made about the pérameters (n,0) then observing {?,Sy}
provides no information about the values of the error, ®, and quantities {E,Sm } , in that
whatever value of {@,S, } is realized one can assert only {®, S.} € RxR" on the basis of
the observed y.




Inferences about {E,Sm} can be made for an assumed value for the quantitie q

from the Reduced Structural Model (Fraser, 1968, p. 190).

y=p+o S, =08,

_ . s
(@S, /dq) =K@ QIIf([@+S.d:q)S; “;2 .

where K(d:q) is the integration constant. That is

g(®.S,d:q) = K(d:q) 4 exp{q—l2 (qn@ -3 e“(m‘”‘li)) }Sg‘zdad

i=1

)




The structural distribuition for (1,c) conditional in g is from (3) and (5) (Fraser,
1968, p. 190).

P(n,0:q) =

— n {3’i -p S n-1 6
=K(d:q) LI ‘ eXp{-IT (—nq Bing?- > N ))}(_Y_) ©)
. ‘ q o} G =l c

The marginal likelihood for q is

1
L(d:
where:
( \®
T . = °° - lql _1_ -— - qi +8,d; n-2 31—
K(dq)=], - —| exp - qno —Y e S*dadS,
1 ;2‘ i=1
(el g
\ (a”) q*/) J




3. Inference
The structural distribution for (i, o) provides the basis for inferences concerning

(1, o) for an assumed value o q. The marginal likelihood function provides the basis for
inference concerning q.

3.1 Inference for the shape q.

Inference for the shape parameter q is obtained by ordering the values for q
according to the relative marginal likelihood

R(dg)=——"~ | )

The hypothesis q = qo can be tested from
-2In R (dqo)

which has asymptotically a ] distribution.




3.2. Tests of Signiﬁcance For Location and Scale

Consider in general the measurement model (4). For the location parameter the
hypothesis p=i, gives

y =M,+00, S, =05, andt=sg

for the error characterist t.
This value of t is compared with the dJStnbutlon of t derived from the error
probability of (®,S,) in (5). The jointly probability element for t and S,, is
g2(tS,, Se,, d:q) dt dS,,

The marginal element for t is then (Fraser, 1968, p39):

g, (t, dq)dt_j 2(tS,.S,,d:q)dS, dt—K(dq)j Hf tS, +S,d;:q)SzdS, =

( )

(9

=K(d:q) d i f eXp{‘!{(qntS —Ze (3% “)J}s“ds dt
. 1 ? q =1
F(q )l — ’

q

\ /

The hypothesis pi=, is assessed by comparing the calculated value t with the
distributions of values described by g (t,d:q)dt in (9).




For the scale parameter o, the hypothesis c=o gives S. = Sy/co for the variable
S,. This value for S, is compared with the distribution for S, obtained from the error

probability distribution (Fraser, 1968; p39)

g5(S,.d:q) = K(@ q)r f:[f(?o" +8,d;:q)d0S;7dS, =
| ' !
- ) | (10)
_ . |q' © _1_ —-_ = q(B+8,4d;) —an-2
=K(d:q) - j expl— | quo — Y € doS:?dS,
I(q? )(L)F -ou .
WA )

The hypothesis 6=0 is assessed by comparing the calculated value of S,/c, with
the distributions of values described by gs(Sw,d:q) in (10).




4. Regression Model

Model (3) can be generalized to include explanatory variables z=(z;,...z), that is

| y =z +0o0
2\4” -2 -2 (11)
f(w:q)=|al(a)" exp{a(qo - exp(q0))}/T(q?)
which is in the form of a Conditional Regression Model with Additional Quantity q.
" For q fixed and n observations y’=(yi,...,ys) the model is
y=2ZB+co
(12)

gf(w,:q)gdm,

4

where ® = (®1, ... ©,), Z’ is a rxn matrix defined by 12’=(z,,...,z,) and B=(B,,...,B:) are
regression: coeficients.

A conditionally pivotal quantity is (B (y), S(y)) where El(y) = (Z'Z)'IZ'Y and
S*(y) = ,y - ZE(y)l and the vector D = S'l(y)(y- Zlﬁi(y)) is the corresponding amcillary

statistics.
Inference about {E(m), S(m)} for an assumed value ef% can be obtained from the

reduced :model

B (y)=B+oB(a)

S(y)=0S(®) (13)
g(B(co), o) D: q) =K(D: q)g Eﬁu (0)z +S(m)Di)ISn—r-1 ];: ;{dﬁu (@)d‘S(@)

where K(D:q) is the normalized constant.

From the error distribution (13) we car derive the structural distribution for (B,o)
fgr q fixed, the marginal likelihood for q and the location and scale distributions for
significance tests (see Fraser, 1968, p. 126-131).
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